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This paper mainly deals with the identification of structural modal parameters, from
output accelerometers only, using a vector autoregressive moving average (VARMA((p, q))
model method. The problem of determining the order p of the AR part, or equivalently the
number of modes in a frequency band, is also examined using a combination of the
multivariate minimum description length (MDL) criterion and an overdetermined
instrumental variable sequence. The AR coefficients are then obtained from this
instrumental variable sequence. The companion matrix is formed and the modal parameters
of the vibrating system deduced. Numerical and experimental results are treated to show the
effectiveness of this new procedure.
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1. INTRODUCTION

Modal parameter identification is the procedure used to identify parameters of the
modal model describing the dynamic properties of a mechanical system in vibration. The
methods for modal parameter identification can be categorized into two groups: frequency
domain methods and time domain methods. The frequency domain analysis has been
widely used for many years and has been proved to be efficient in many cases. This
frequency method uses the fast Fourier transform (FFT) and curve fitting but is limited by
the problem of leakage, interference and bias. To avoid the limitation of frequency domain
analysis, time domain methods have been developed. These methods have generally been
used for identification in the form of impulse or free decay responses, which are then
considered as weighted expansions of participating modes in the vibration. These time
domain methods have demonstrated the capability of identifying very closely spaced or
pseudo-repeated frequencies and heavy damping ratios. Another advantage of these time
domain methods is that they do not need to perform any domain change: they do not use
FFT to estimate modal parameters or to apply any time window and problems such as
leakage, bias and variance are avoided. This leads to good estimated modal parameters,
including short data records. The principal time domain methods are the Ibrahim time
domain method [1] and the eigensystem realization method of Juang [2]. The Ibrahim time
domain method uses a set of free decay vibration measurements in a single analysis to
identify simultaneously all parameters of the excited modes in a test. The eigensystem
realization algorithm of Juang [2] uses concepts of the controllability theory and impulse
responses. These methods consider both input and output data for the identification of
modal parameters.

In this paper, a new method is presented to identify the mode shapes as well as the natural
frequencies and damping ratios of a vibrating structure on the basis of a multivariate
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ARMA process [3-6]; the mathematical model method uses an unmeasured white noise as
excitation and treats random responses as the time series of a VARMA(p, ¢) process. The
identification of modal parameters is realized here in the time domain from accelerometers
output only. Using a VARMA(p, q) representation, we estimate the autoregressive AR
coefficients and form the companion matrix. The spectral decomposition of this matrix
brings us to the estimation of modal parameters. The first step in the estimation of AR
coefficients is the determination of the number of these coefficients. This number is p and is
also the order of the multivariate AR part. Once p has been estimated, the number of modes
in a frequency band is derived. Note that in a mechanical structure, the number n of modes
in a frequency band is related to the order p of the AR part and to the number of
accelerometers m by the well known relation p = 2n/m.

Several information theoretical criteria have been proposed for this model order selection
task. Akaike [7,8] has provided two criteria. His first criterion is the final prediction error
(FPE) criterion and selects the order so that the average error variance for a one-step
prediction is minimized. Akaike also suggested another selection criterion using
a maximum likelihood approach to derive a criterion, termed the Akaike information
criterion (AIC). The AIC determines the model order by minimizing an information
theoretical function. FPE and AIC are asymptotically equivalent, but do not yield
consistent estimates of the model order; the result is a tendency to overestimate the order as
the data record length increases [9]. In response to this, another effective criterion (the
minimum description length (MDL) criterion) is proposed by Schwarz [10] and Rissanen
[11]. The MDL criterion, also called the Bayesian information criterion (BIC), uses
a penalty function which provides consistent estimation of the model order. All these
methods are only applicable to scalar processes and a generalization to multivariate
processes is established in this paper.

Using a combination of an overdetermined instrumental variable scheme [12] and the
multivariate MDL criterion a new method for AR order determination of
a vector-autoregressive moving average or VARMA(p, q) process is proposed. To determine
p, the order of the multivariate AR part, an overdetermined instrumental variable product
moment matrix is defined. Once p has been estimated, the AR coefficients are derived from
the optimization of this MDL criterion.

This paper is organized as follows. A model of a vibrating structure and its VARMA
formulation is given in section 2. The determination of the order p using the multivariate
minimum description length is described in section 3. The estimation of AR coefficients is
also treated in this section. The effectiveness of the method for model order selection, and
modal parameter estimation, from output accelerometers only, is shown in section 4 with
a numerical example and mechanical structures in laboratory. This paper is summarized
briefly in section 5.

2. MODELLING A VIBRATING SYSTEM AND ITS VARMA REPRESENTATION

Consider a structure excited by an unknown random Gaussian force. The objective is to
determine the number of modes excited in a frequency band from the time response
delivered by the output of m sensors (accelerometers) and the modal parameters of this
structure.

For an n-degree-of-freedom vibratory system, the equation of motion can be expressed as

Mo&(t) + Cob(t) + Ko& () = (1), (1)
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where My, C, and K, are the system mass, damping and stiffness matrices (n x n)
respectively; &( ), &(t) and &(t) are (n x 1) vectors of acceleration, velocity and displacement
and n(¢) the (n x 1) unmeasured excitation vector, which is a random Gaussian force. A state
space model can be formed in lieu of the model given by equation (1) as

x(t) = Ax(t) + By(1), )

where x(t) is the 2n dimensional state vector

X(t) = F(I)} (3)

and A, B are the (2n x 2n), (2n x n) matrices

I TS R
L -Mo'K, —MglCo | T [Mgl]

The response of the dynamic system is measured by the m output quantities in the output
y(t) using accelerometers. An (mx 1) vector output equation called the observation
equation can be written as

y(0) = HE®) = H,M '[ — Ko& (1) — Cob (1) + n(1)] (5)

or

y(®) = Hx(2) + Dn (1), (©)

where H, is the output influence matrix (m x n) for acceleration. This matrix specifies which
points of the system are observed from accelerometers. H is the (m x 2n) output influence
matrix for the state vector x(t)

H=HM;'[ - K, - C,] (7
and D is an (m x n) direct transmission matrix
D =H,M; . (8)

Equations (2) and (6) constitute a continuous time state-space model of a dynamic system.
Note that the order of the system 2n is the dimension of the state matrix A. The dynamic
characteristics of the system governed by equation (1) are fully represented by the system
matrix A. In other words, if modal decomposition is desired, the modal parameters can be
obtained by solving the following eigenvalue problem:

[ad — A]Q; =0, ©)

where [i;’s are the eigenvalues and €;’s are the eigenvectors of A. Note that the eigenvectors
corresponding to the measurements are H,€Q;.

After sampling with constant period At and transformation of the 2n first order
differential equations (2) and (6) into a discrete time equation, the following discrete time
state-space model and the discrete time observation equation are obtained:

Xi+1=Fx, + v, (10)
y: = Hx, + Dn,, (11)
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where X, represents the discrete unobserved state vector of dimension 2n; F = e s the
(2n x 2n) discrete time state-space matrix or discrete time transition matrix and v, is given by

At
v, = f e By (r — s)ds. (12)
0

The excitation 1, is a random process and is not constant over the sampling period A4t, so v,
cannot be obtained directly by integration of equation (11). A method to obtain v, is
described in reference [13].

The interest here is the mixed vector (or multivariate) autoregressive moving average
representation for the {y, } process. Consider the m-dimensional stationary processes y, with
VARMA (p, q) representation [2-6]

p q
Y. = Z Ay - + Z Bjut—ja (13)
i=1 j=0

where y, is the discrete observation vector and u, is a white Gaussian noise with zero mean
and unknown covariance matrix Q, = E {u,u/ }. This equation contains the AR part with
AR matrix coefficients 4; and the MA part with MA matrix coefficients B;. The order of the
autoregressive part is p, which is theoretically p = 2n/m. The order of the MA part is gq.

The modal parameters of the vibrating system are completely characterized by the
eigenvalues and eigenvectors of the companion matrix A [2,3] containing the AR
coeflicients of the VARMA representation (13).

[0 1 o0 0 |
0
A=| . A (14)
0 0 0 I
Ae Apy .. A

The eigenvalues fi; of the state matrix A and the eigenvalues y; of the companion matrix
A have the following relationship:

Hi = C‘Mt. (15)
The eigenvectors are the same for the continuous and discrete time: Haf!i. Therefore, the

global modal parameters, the natural frequencies f; and damping ratios ¢; of the vibrating
system can be determined by [3]

1 In(wpd)]? NP
fi_ZnAt\/ 4 + | cos > )| (16)

[In (s 1$)1°

Ci= _ 1+Ml* 2, (17)
In (1 ?)]2+4[ (“—ﬂ
[ny,u cos Zm

fori=1,2,...,n
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The eigenvalue decomposition of the companion matrix give the modal parameters of the
vibrating system. In this paper, a procedure is proposed to determine the number of AR
coefficients A4;, from accelerometer outputs only, these AR coefficients and then the modal
parameters and mode shapes of the vibrating structure.

3. DETERMINATION OF THE NUMBER OF AR COEFFICIENTS
BY THE MULTIVARIATE MDL CRITERION

Since the true orders p and g are unknown, consider the general case of equation (13) with
(p, q) replaced by unknown (p’, ¢'). Equation (13) for t =0,...,N — 1 is developed and the
matrix system

Yo W1 y: . yp’ yp' +1 . Yv-1
Yo Y1 - Y1 Yy - YN-2
[[Ao] —[Ad— - —[Ad]1| 0 0 yo . ¥y2 ¥Yy-1 - Yn-3
B 0 0 0 Yo Y1 YN-1-p
_uO u; u, . upr upr+1 . Uy -1 i
0 uw w; . u, u, . Uy-—>
=[[Bol[Bs]---[B,I1| 0 0 wp . wy—p uwyy - Uy-—3 (13)
|0 0 0 Wy Wyyir . Uy—j—y |
is formed with N the data length and [Ay] = [L,.].
The previous system can be written as:
Y, Y, =Q, (19)

with Y, the m(p’ + 1) x N matrix of data, €, the (m x N) matrix of coefficients MA and
white Gaussian noise u, and ¥, the m x m(p" 4 1) matrix which contains the AR parameters:

W, =[AoA; - A, (20)

In order to develop a multivariate MDL criterion, an extended instrumental variable
matrix [12] Z, of dimension m(k + 1) x N is introduced:

o 14 Z Zy-y
0 ZO e Zk*l e ZN*Z

Zv=| . . . : : . (21)
0O - 0 Zo - Zy—p1

in which z; is a vectorial instrumental variable sequence. The instrumental variable
sequence is highly correlated with the observed sequence y; but completely uncorrelated
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with the noise. If the case of k = p’ is considered, then

1 1
lim —Z,Y,=R; lim ~ L Q) =0. (22)

N—>ooN N—- oo

Note that the dimension of Z, Y} is m(k + 1) xm(p’ + 1) and increasing the number of rows
in Z,Y, implies the use of more information. An overdetermined instrumental variable
method is then preferable. Pre-multiplying equation (19) by (1/N)Z{ gives

1 1
N‘P[,/ YprE = NQPV ZE (23)

1 1
Putting W, = NYP, Zr matrixm(p' + 1) xm(k + 1) and V,, = NQF, Z! matrix m x m(k + 1)

gives
Y, W, =V, (24

Furthermore, the m(p’ + 1) xm(p’ + 1) overdetermined instrumental variable product
moment matrix can be defined by

1
L, =W, W =Y, ZiZ,Y;. (25)

Note that I'; is a symmetric positive semidefinite matrix and both the matrix I'y and the
multivariate minimum description length (MDL) criterion give the order p of the AR part of
the VARMA process. Following Schwarz [10] and Rissanen [11], the MDL criterion is
equal to the sum of the log-likelihood function of the maximum likelihood estimator of the
model parameters and a function that penalizes the use of a large number of model
parameters. In the multivariate case, the number of free adjusted parameters in the AR part
is m*(p’ + 1). Denote Vi = [Vi, V2, oo, Vit 1)]-

This matrix consists of m(k + 1) independent, m-dimensional, normal random vectors v;,
with zero mean and unknown covariance matrix Q, = E[v,v{ ]. Thus, the MDL criterion is
given by

1
Jupr(p) = —10gf (Vi, oo Vgt 1) + Emz(p’ + Dlog(m(k + 1)), (26)
where f (v, ...,Vua+ 1)) denotes the probability density function of {v;}. For a multivariate

normal model

2 1 1 —
f(Vl s Vi + 1)) = (27'[) —mi(k+ 172 X W eXp <2 tr (Qv 1 ‘Ppr rpr ll’;)) (27)

By substituting f(vq, ..., Ve + 1)) into equation (26), Jupr(p") reduces to
k+1
Jupr(p',¥y) = m? <2>10g(2n)

- m(k ; 1>log(det(Qv)) + %tr(QJI‘I’p/ r,¥,)+ %mz (p" + Dlog(m(k + 1)) (28)
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For fixed p/, the matrix Q, that minimizes criterion (28) is Q, =¥, I, ‘I’; and the
minimum value of det(Q,) is obtained by the eigenvalue decomposition of I,

A OS]
rp’ = [SA Se:] |:0 £:| |:ST:|9 (29)

where A is the diagonal matrix containing the mp’ largest eigenvalues in decreasing order
and the columns of S, are the corresponding eigenvectors; ¢ is the diagonal matrix which
contains the m smallest eigenvalues and the columns of S, are the corresponding
eigenvectors. Constraining ¥, to be orthogonal, the choice of ¥, that minimizes criterion
(28) is found to be the matrix of eigenvectors associated with the minimum eigenvalues of
I',. With this choice, ¥, = S| and

Q. =S!I[S.AS] + S,eS71S, = S{S,AS]S, + S{'S,£S!S, . (30)

Since the eigenvectors are orthonormal Q, =¢ and det(Q,) = ]_[ &;, where ¢; are the
i=1

smallest eigenvalues of I', (the diagonal elements of ¢). Substituting into equation (28) and

dropping all terms that do not depend on p’ or ¥,

Jupr(p) = m(%)log( ﬁ si> + % m?p’log(m(k + 1)). 31

i=1
The ¥, in the argument of Jyp; has been dropped, since the explicit ¥, dependence is

suppressed; it has been incorporated into the product [ [ &; term. Multiplying both sides of
i=1
equation (31) by 2/m(k + 1) and combining terms gives

2 " ,
JMDL(p’)m = 10g<n gm(k 4 1ymw/k+ 1)>, (32)

i=1

Since the function log(.) is a monotonically increasing function a different criterion can be
formed that contains exactly the same information as Jy . (p'); the new criterion has its
minimum value at the same point as Jypr(p'). The new criterion chosen is

m

Jupr(p) = <n 3i>m(k + 1)mp'/(k+ b, (33)

i=1

Therefore, examining the m minimum eigenvalues of the overdetermined instrumental
variable product moment matrix I', is equivalent to examining the m minimum singular
values of the matrix W,, for different values of p". Then the new multivariate minimum
description length criterion (33) can be formed and an abrupt change in this criterion can be
sought for different values of p’ or equivalently J(p’)/J (p" — 1) can be computed and search
its minimum sought. Hence, the method for multivariate AR order determination is to select
p’ associated with the minimum of the quotient J(p)/J (p" — 1).

There are several ways to choose the instruments and the matrix Z, satisfying conditions
(22). In this paper, only the special case where z, = y,_,, is considered. Then, it can be seen
from equation (13) that & > g should be taken so that z, is highly correlated with y, but
completely uncorrelated with u,. For the selection of instruments different values of h are
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considered. Selecting z, =y, _, gives

R(h) Rh+1) . RMh+k

1 R(h—1 R(h . Rh+k—-1
W,,fNYprZZ= ( ) (h) ( ), (34)

R(h—p) Rh—p +1) . Rh+k—rp)
where R(i)’s are the sample covariance matrices (m x m) of y, given by

A

i 178 :
_N Z ytT—iy l>0 (35)

and R(— i) = R()".
It is important to note that this minimization problem under constraints gives

v, =T (36)

So, from this relation the AR coefficients can be determined, the companion matrix (14)
formed and the modal parameters of the vibrating system extracted. This method to obtain
AR coefficients is called the Overdetermined Instrumental Variable method (ODIV
method). A numerical example and tests in laboratory are now presented.

4. EXAMPLES

4.1. A NUMERICAL EXAMPLE

The procedure for multivariate AR order determination and modal parameter estimation
is now applied to an elementary system of three degrees of freedom constituted of masses
and springs. This system is excited by a random force and corresponds to the situation
where inputs cannot be measured. Only the responses are used. For the selection of the
instrumental variables z, = y,_,, different values of h have been considered and it has been
found that all these selections could give the satisfactory results of the product of the
m minimum eigenvalues of the overdetermined instrumental variable product moment
matrix I', for different values of p’. This is not surprising because the delayed output
V-, with h somewhat smaller than the MA order g are weakly correlated with the MA part
given in equation (13); hence (22) holds approximately. In theory, all z, =y,_, with h > ¢
automatically satisfy (22) and are very good instruments. However, it should be noted that
the larger the h the weaker is y,_, correlated with y, and poor sample covariance matrices
R(h) are obtained. Therefore, h should take a smaller value for a set of data, even if it is
smaller than the unknown MA order q.

In the numerical example, arbitrarily the matrix of masses M, = [0,1300;00,20;000,
15], the matrix of stiffness K, =[30 —100; — 1015 —5;0 — 15 12] and the matrix of
damping C = 0,1M, + 0,01K, have been chosen. The number of data points is N = 1000
and At = 0,15s. In this numerical example, all excited masses are considered and m = 1 (one
assumed sensor), which corresponds to the scalar case. Using the MDL criterion developed
in the paper, or more precisely the quotient J(p')/J(p’ — 1) for different values of p’ and
h with h = 5, statistics for one simulation run are shown in Table 1.

The minimum is obtained for p” = 6. The order of the AR part is p = 6. Thus, the number
of scalar AR coefficients used to form the companion matrix is 6.
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TABLE 1

Statistics of J(p')/J(p" — 1) with m = 1 and h = 5 for the simulated system

pP=1 p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=9

k=17 072 0-34 1-07 0-56 122 0-048 0-19 627 1-84
k=9 0-71 0-25 1-06 0-64 1-14 0-050 1-04 2-:06 1-74
k=11 0-69 0-26 111 0-61 1-21 0-12 0-47 2-17 2-68
k=13 0-64 0-25 112 0-59 1-16 0-12 1-13 1-53 2-54
k=15 0-66 0-24 1-09 0-59 1-14 0-13 1-08 1-59 2-85
TABLE 2
Statistics of J(p')/J(p" — 1) with m = 3 and h = 5 for the simulated system

p=1 p=2 p=3 p=4 p=5 p=6 p=7 p=8 p=9
k=17 5x107%  3x10°° 0-02 0-15 0-08 0-11 0-02 027 031
k=9 51074 1073 0-05 0-11 0-21 0-64 0-09 0-27 0-28
k=11 4x107* 2x1073 0-04 0-18 0-23 0-41 0-68 074 087
k=13 3x107* 4x1073 0-05 0-15 0-29 0-46 0-75 0-85  0-82
k=15 3x107* 7x1073 0-04 0-22 0-23 0-56 0-49 067 071

TABLE 3

Estimated natural frequencies and damping coefficients of the simulated system of three
degrees of freedom with m =3 and h = 5

N S f3 Cq Ca C3
k=17 0-957 1-558 2:495 0-042 0-056 0-084
k=9 0956 1-556 2:499 0-041 0-057 0-080
k=11 0-955 1-557 2:501 0-042 0-057 0-082
k=13 0-953 1-558 2:516 0-040 0-058 0-070
k=15 0952 1:560 2:508 0-042 0-058 0-086

If the multivariate case with m = 3 (three assumed sensors) and h = 5 is considered,
statistics for one simulation run different values of J(p')/J (p’ — 1) are shown in Table 2.

The minimum is obtained for p’ = 2. The order of the multivariate AR part is p = 2. So,
the number of AR matrices (3 x 3) used to form the companion matrix is 2. It is easy to verify
that in these two cases, p = 2n/m.

Once the order has been estimated the AR coefficients can be determined from (36) and the
companion matrix formed. The exact natural frequencies and damping coefficients of the
simulated system are f; = {0-957; 1-564; 2-531} and ¢; = {0-038; 0-054; 0-082}. The estimated
natural frequencies, and damping coefficients of this vibrating system, obtained from
multi-output data only, with m = 3; h = 5 and for different values of k are given in Table 3.

This method gives satisfactory results in frequency and damping coefficients estimation.

Figure 1 shows the mode shapes for the simulated system. The proposed method yields
accurate estimates of the mode shapes.

Note that these results are obtained from only one simulation run and improved results
can be obtained using the ensemble averaged over several independent realizations.
Improved results can also be obtained if the number of data points N increase.
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Figure 1. Comparison of exact (continuous line) and identified (dashed line) mode shapes for the simulated
system of masses and springs: (a) first mode; (b) second mode; (c) third mode.
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Figure 2. Experimental X beam.

4.2. A FIRST EXPERIMENTAL TEST: AN X BEAM

A first experimental test of three beams, called X beam, is treated (Figure 2). Three
random excitations are applied on points 1, 3 and 5. Three accelerometers on points 2 and
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Figure 3. Frequency response of accelerometers: (a) on point 2; (b) on point 4; (c) on point 6.

4 and 6 and only their time responses are used. The sampling frequency is 512 Hz and 1500
data points are collected for each channel.

The purpose is to determine the order of the multivariate AR part (the number of AR
matrices to form the companion matrix), or equivalently, the number of modes in the
frequency band [0; 100Hz], the eigenfrequencies and damping coefficients of this
mechanical system, using data from output accelerometers only. Figure 3 shows the power
spectral density function of accelerometers on points 2, 4 and 6 respectively. Note that the
power spectral density is a measurement of the signal energy at various frequencies of
interest.

It is impossible to determine the number of modes in the frequency band [0; 100 Hz] by
counting the number of peaks of resonance from these power spectral density plots.

To determine the number of modes, consider the criterion presented in the paper, and
compute for different values of p’ the quotient J(p')/J(p’ — 1) and seek its minimum. The
value p of p’ for which the minimum is reached is related to the number of modes n by
p = 2n/m. In this case, consider m = 3; h = 5 and the statistics shown in Table 4 are seen.

The minimum is always obtained for p’ = 2, the number of AR coefficients is 2 and the
number of modes of the mechanical system is 3. This new criterion is very effective to
determine the number of modes from output accelerometers only.
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TaBLE 4
Statistics of J(p')/J(p" — 1) with m = 3 and h =5 for the X beam

p=1 p=2 p=3 p=4 p=5 p=6 p=17 pP=8 p=9

k=17 2x10773 1078 4x1074 0-08 0-06 0-15 0-06 0-12 0-16

k=38 1073 1078 3x1074 0-09 0-11 0-47 0-26 0-38 0-41

k=9 1073 1078 2x1074 0-14 0-10 0-56 091 0-94 0-88

k=10 1073 1078 1074 0-19 0-12 0-63 0-83 0-87 0-96

k=11 1073 1078 8x 1077 0-16 0-14 0-61 0-70 0-71 0-73
TABLE 5

Estimated natural frequencies and damping coefficients of the X beam withm =3 and h = 5

S /2 f3 C1 Ca C3
k=17 34-33 3576 3674 075 0-80 020
k=9 34:34 3575 3673 0-80 0-86 0-18
k=11 34-34 3575 36-74 0-81 0-87 0-19
k=13 34:32 3573 36:74 0-85 0-87 0-20
k=15 34-31 35:69 36-74 0-94 0-90 0-17
32 15
(@ ()
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Figure 4. Mode shapes for the X beam: (a) first mode; (b) second mode; (c) third mode.
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Figure 5. Experimental car door.

To obtain the modal parameters, determine the AR matrices coefficients A, and 4, from
equation (36), and form the companion matrix and its spectral decomposition. The
estimated eigenfrequencies, in Hz, and damping coefficients, in percent, of this system,
obtained from multi-output data only, with m = 3; h = 5 and for different values of k are
given in Table 5.

Figure 4 shows the mode shapes for the X beam using the time series procedure presented
here, from output accelerometers only, without measurement of the input force.

The method proposed here is very effective in determining modal parameters of vibrating
systems with close natural eigenfrequencies.

4.3. A SECOND EXPERIMENTAL TEST: A CAR DOOR

A second experimental test of a car door is treated (Figure 5). A random and unmeasured
excitation is applied on the car door and eight accelerometers are considered to estimate the
modal parameters of this mechanical system. The sampling frequency is 400 Hz and 4096
data points are collected for each channel.

The purpose is to determine the order of the multivariate AR part, or equivalently, the
number of modes in the frequency band [0; 200 Hz], the eigenfrequencies and damping
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coefficients of this car door from output accelerometers only. Figure 6 shows the power
spectral density function obtained from three different accelerometers using an FFT. It is
impossible to determine the number of modes in the frequency band [0; 200 Hz] by
counting the number of peaks of resonance from these power spectral density plots.

To determine the order p of the AR part consider the criterion presented in the paper;
compute for different values of p’ the quotient J (p')/J (p" — 1) and search its minimum. Once
the order p has been obtained the number of modes in the frequency band [0; 200 Hz] can
be determined. In this case, consider m = 8; h = 20 and p is an integer of (2n/m), which gives
the statistics shown in Table 6.
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Figure 6. Frequency response from different accelerometers.
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TABLE 6

Statistics of J(p')/J(p" — 1) with m = 8 and h = 20 for the car door

=2 p=3 p=4 =5 p=6 p=7 pP=8 p=9
k=10 085 039 003  40x107* 164 126 081 065
k=20 022 059 051  35x107% 084 073 041 022
k=30 043 002 006  52x107* 166 094 031 044

The minimum value of Jpr (p')/Japr(p’ — 1) is always obtained for p” = 5, the number of
AR coefficients is 5 and the number of modes in the frequency band [0; 200 Hz] of this car
door is 20. To form the companion matrix (14) 5 AR coefficient matrices A; (8 x 8) are
required. The estimated eigenfrequencies, in Hz, and damping coefficients, in percent, of this
car door, obtained from accelerometers only, with m = §; h = 20 and for different values of
k are given in Table 7.

The method proposed in this paper is effective in determining the order of the AR part,
the number of modes in a frequency band and modal parameters of this car door excited by
a random force. Similar results for these modal parameters are obtained using the frequency
domain by FRF where the excitation force or the input (sinus) is known and combined with
the accelerometers output or using the Stochastic Realization Algorithm (SRA) [2,4]. Here,
only the outputs of the accelerometers are used without knowledge of the excitation.

5. CONCLUSION

A new approach for modal parameter estimation of a randomly excited structural system
with an unmeasured input is proposed in this paper. Initially, a time domain procedure for
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TABLE 7

Estimated natural frequencies and damping coefficients of the car door with the overdetermined
instrumental variable method (m = 8; h = 20 and k = 20) and with SRA method

Mode Frequencies (Hz) Damping (%) Frequencies (Hz) Damping (%)
ODIV method ODIV method SRA method SRA method
1 50-27 0-53 50-42 —
2 68-94 022 68-90 0-30
3 70-49 0-88 70-33 0-83
4 8322 0-38 83-28 0-45
5 95-05 0-44 95-06 0-51
6 104-06 097 104-15 1-11
7 109-34 132 109-65 123
8 12526 1-01 125:34 092
9 132-44 0-71 132:18 0-65
10 13570 075 13569 074
11 139-58 0-84 139-65 0-68
12 14567 0-73 14571 072
13 151-81 0-41 151-80 0-38
14 158:80 1-41 158:69 1-21
15 16472 1-34 164-40 1-10
16 169-26 0-54 169-44 0-34
17 17377 0-81 17509 091
18 1874 0-56 182-45 090
19 188:97 073 190-11 071
20 200-88 0-58 200-55 0-39

the determination of the number of modes in a frequency band, using only output
accelerometers, has been developed. Based on a combination of the multivariate minimum
description length theory and the overdetermined instrumental variable scheme, an efficient
method for AR order determination of a multivariate ARMA model has been developed.
This method is based on the product of the smallest eigenvalues of an overdetermined
instrumental variable product moment matrix and the use of a new criterion. The AR
coefficients are then derived from a minimization problem under constraints. The modal
parameters are then obtained by the spectral decomposition of the companion matrix.
A numerical example and experimental tests in laboratory have been presented. They have
shown the effectiveness of the method in model order estimation and modal parameter
determination. It may interesting to study other instrumental variable selections and to
generalize this method to large industrial structures.

REFERENCES

1. S. R. IBRAHIM and E. C. MIKULCIK 1977 Shock and Vibration Bulletin 47. A method for the direct
identification of vibration parameters from the free response.

2. J. N. JUANG 1994 Applied System Identification. Englewood Cliffs, NJ: Prentice-Hall.

3. S. Hu, Y. B. CHEN and S. M. WU 1989 12th Biennial Conference on Mechanical Vibration and
Noise, New York, 259-265. Multi-output modal parameter identification by vector time series
modeling.

4. M. PREVOSTO, M. OLAGNON, A. BENVENISTE, M. BASSEVILLE and G. LE VEY 1991 Journal of
Sound and Vibration 148, 329-342. State space formulation: a solution to modal parameter
estimation.



10.
11.

12.

13.

ZOo TR T IS

t

~ N

MODAL PARAMETER IDENTIFICATION 203

. C.S. L1, W.J. Ko, H. T. LIN and R. J. SHYU 1993 Journal of Sound and Vibration 167, 1-15. Vector
autoregressive modal analysis with application to ship structures.

J. LARDIES 1996 Mechanical Systems and Signal Processing, 10, 747-761. Analysis of
a multivariate autoregressive process.

H. AKAIKE 1969 Annals of the Institute of Statistical Mathematics, 21, 243-247. Fitting
autoregressive models for prediction.

H. AKAIKE 1974 IEEE Transactions on Automatic Control, AC-19, 716-723. A new look at the
statistical model identification.

R. L. KAasHYAP 1980 IEEE Transactions on Automatic Control, AC-25, 996-998. Inconsistency of
the AIC Rule for estimating the order of autoregressive Models.

G. SCHWARZ 1978 Annals of Statistics, 6, 461-464. Estimation of the dimension of a model.

J. RISSANEN 1983 Annals of Statistics, 11, 416-431. A universal prior for integers and estimation
by minimum description length.

M. SODERSTROM and P. STOICA 1989 System Identification. Hemel Hempstead, UK.
Prentice-Hall.

J. LARDIES 1998 Mechanical Systems and Signal Processing, 12, 825-838. Modal parameter
estimation and model order selection of a randomly vibrating system.

APPENDIX A. NOMENCLATURE

degree of freedom of the vibration system
number of output measurements

order of the multivariate AR part

order of the multivariate MA part
natural frequency of the ith mode
damping ratio of the ith mode

number of data points

sampling period

moL(P) M.D.L. criterion

E(t) (nx 1) vector of displacements

n(

t) (nx 1) white noise vector of unmeasured input

y(t) (m x 1) observation vector

BNS <0

mrTEOEZ

N

(n x n) mass matrix of the system

(n x n) damping matrix of the system

(n x n) stiffness matrix of the system

(2n x 2n) transition matrix

(m xm) AR coefficient matrix

(m xm) MA coefficient matrix

(mp x mp) companion matrix

(mxm) (p' + 1) AR coefficient matrices

(m x N) matrix of coefficients MA and white noise
m(p’ + 1) x N matrix of data and zeros

(mx 1) an instrumental variable sequence

m(k + 1) x N extended instrumental variable matrix
m x m estimated covariance matrix
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